In this note I point out that (1) pairs of real mutually unbiased bases (i.e., orthonormal bases of R d ) can only exist in dimensions 2 or d where d is a multiple of 4 and that (2) triples of real mutually unbiased bases can only exist in dimensions d that are also squares. For the case d = 2 2m the maximal number of real MUBs is given by (d + 2)/2 (this follows from known results on extremal euclidean line-sets). In the case d = s 2 where s is an even number that is not a power of 2, we have the lower bound N MOLS (s) + 2, where N MOLS (s) denotes the maximal number of mutually orthogonal Latin square of order s, provided that there exists a Hadamard matrix of size s. It is not known how good this bound is. Moreover, I observe that the question of deciding if there always exist two real MUBs is equivalent to the Hadamard conjecture.
Introduction
Two orthonormal bases B and B ′ of the Hilbert space C d are called mutually unbiased if and only if
for all |φ ∈ B and all |ψ ∈ B ′ . The problem of determining the maximal number of bases that are mutually unbiased is an open problem. We refer the reader to e.g. [1] for an overview of known bounds. In this note I consider the problem of determining the maximal number of real mutually unbiased bases. Real MUBs are collections of orthonormal bases of R d such that any two different bases are mutually unbiased. In the real case much more can be said than in the complex case.
2 There are at most two real MUBs for non-square d
Let B and B ′ be two bases that are mutually unbiased. Then eq. (1) implies that the matrix B † B ′ is a generalized Hadamard matrix, i.e., a unitary matrix whose entries all have the same absolute value
. This is because the entries of this product are the inner products of the vectors in B and B ′ .
In the real case the product B † B ′ must correspond to a (usual) Hadamard matrix multiplied by the scalar
. Recall that a (usual) Hadamard matrix H is a matrix whose entries are ±1 such that H T H = d1. Hadamard matrices can only exist in dimensions 1, 2, and d where d is a multiple of 4. If this condition is sufficient is an unsolved basic problem in discrete mathematics. It is the so-called Hadamard conjecture [2] . This observation shows that two real MUBs can only exist in dimensions 2 and d where d is a multiple of 4. For all other dimensions there can never exist two real orthonormal bases that are mutually unbiased. Now we show that there cannot exist more than two real MUBs for a non-square dimension. Assume the converse and let B 1 , B 2 and B 3 be such three orthonormal bases that are mutually unbiased. We also use B 1 , B 2 and B 3 to denote the corresponding real unitary matrices. Then we can choose B 1 to be the standard basis (simply multiply all matrices by B † 1 from the left). Now, B 1 is the identity matrix 1. Therefore, the other matrices B 2 and B 3 must be usual Hadamard matrices multiplied by the factor
. Observe that we can always achieve without loss of generality that the first column of B 2 is 
The absolute value of the sum is clearly a natural number, whereas √ d is irrational if d is not a square. Therefore, there cannot exist a third orthonormal real basis B 3 that is mutually unbiased to B 1 and B 2 .
This shows that the maximal number of real MUBs is exactly 2 for dimensions d that are not squares provided that there is a (usual) Hadamard matrix of size d.
Moreover, it is now obvious that the problem of deciding if there are two real MUBs for each dimension (that must be necessarily a multiple of 4) is equivalent to solving the Hadamard conjecture.
3 Lower bounds on the number of real MUBs for square d
Now let d be a square that is divisible by 4. (The latter is required because otherwise there cannot exist two real MUBs). We consider the two cases:
r , where the p i 's are odd primes and the e i 's are natural numbers greater than zero. In both cases m is greater than zero.
In the first case the maximal number of real MUBs is 1 2 (d + 2). This was shown in the article on extremal euclidean line-sets [3] . For the second case we can obtain a lower bound as follows. Set s = 2 m p e 1 1 · · · p er r . Provided that there is a (usual) Hadamard matrix of size s then the results of [4] imply that there are at least
real MUBs, where N M OLS (s) denotes the maximal number of mutually orthogonal Latin square of order s. This lower bound should be compared to the upper bound 1 2 (d + 2) that is a special case of the upper bounds on the sizes of line-sets in R d with prescribed angles (see e.g. [3] ).
